
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Noteson
Calculating

Work
using

Integrals

KEYIDEA Work Fore Displacement andisanadditivequantity
That's wecancalculateworkbycalculatingbitsofworkdone addingthemallup

anddoingW do withWworkanddWbitofwork
done

Thereare2wayswecanslicetheworkcalculation
1 Wesliceintegratewithrespecttodisplacement
That's W FCs ds with s displacementofobject

ds smalldifferenceindisplacement
FCS forceappliedonobjectatpositions

WeusethisinSPRINGPROBLEMS

2 Wesliceintegratewithrespecttoforce

That's W s F dF with F forceappliedonobject
df smalldifferenceinforce
SLF displacementofobjectwhenforce isapplied

WeusethisinPUMPINGPROBLEMS
andwemodelofusingthedepth

ReferenceforUnitsofMeasurements

Quantity MetricUnits ImperialUnits

displacement length M meter ft feet
MassM kg kilogram lbs pounds toavoidconfusionwithIbfpoundforce

thisissometimescalledsing
densityp kgm lbs ft
force F N Kf Newton lbf Eft poundforce

workW J NM 19ft Joule ft lbf footpound



SPRINGPROBLEMS

Let leg equilibriumlengthofspringatrest

FaintI lengthofspring
additionallengthofspringrelativetoequilibriumlength
ie x e leg

Wecansetuptheintegral
withrespecttothequantity

ByHooke'slaw Fx Kx with ftfdÉfhedtokeepthespringatlengthlegtx
Atlengthleg assumethattheworkdWdonetostretchthespringtolengthleg dx

B dW Kxdx with Kx
forceexertedonthespring

dx thedisplacementie leg dx legtx dx

Weaddupallthelengthsand getwfkxwherexc.to
isthelengthaddedtotheequilibriumlength

Remarks caUsuallywearegivenenoughinformationintheproblemtofindthespringconstantK
Eitheroneoftheseisgiven t thevalueofKisgiven

c1theforceexertedbythespringatacertainlengthisgiven
ietheforceneedtoholdthespringatthatlength

ForthisuseHooke'slaw
theworkdonebystretchingaspringfromonelengthto

another

Forthiswesetupanequationinvolvinganintegral

2 Hooke'slawisusastatedasF Kxbutthat'stheforceexertedbythespring
ie theforceoppositeofwhatweapplyonthespring



ExampleProblem

ForceisgivenUseHooke'slaw

0.2m thisisthelengthadded
F 40N

ByHooke'slaw F 40 Kx 0,2k K 8 2007Th

lengthsaregiven leg 7M
o n It 3m

W Kxdx KX K 32 1012 9K 1200 900N.MN

ExampleProblem

Parta Findk
Given The done

bystretchingthespringfromWanto15am is25 2NM
Additionallength 15 10am 5am fan 0.05M 0m
Workdone 2 1005Kxdx K 2 2 05 LK 07 10

2 IK K 400Mm

Partb Findworkgoingfrom15amto20am

Xo 15 won 5am 0M

20won 10an.jo fm 0.1mi

W 1 Kxdx 4004 2 05 2000.172 10.0512

2000.0075 115NM 1155



PUMPINGPROBLEMS d

ft.spumpinhisdirdi.my
Fortheseproblemswemodelthevolumetobepumped

onthedisplacementaxiss
ieparalleltothedirectionofpumping

Wesliceperpendiculartothedisplacementaxis 1
andconsiderthevolumedVoftheslice

qm
boundsofvolume se so s
ofliquid
of i do Acsas with Als thecrosssectionalarea

foffffff.at df pgdt pgAlsds
with

f ftp.ifffuefpgfffgreekletterrho

distancetheslice somefunctionDs withrespecttos
ispumped usuallyDls Sthforsomeconstanther

949 16 do DCS df Dlspgdt pg.DKAlsds
displacement force

Thenthework donebypumpingliquid is

Remarks TheaccelerationduetogravityonEarthis g 9,81ft 32.17
Iftheliquidiswateruse Pwater 1000

3 62.4HE

Makesureyouusetheconstantsthatmatchthegivenunits



ExampleProblem

Parta Setup Modeltheslicesoftheconeasfollows

yffgyfff.fi
theÉ di nedy tray

8
tyadySlice

Displacement

oftheSize 4 y

MI HEISE dw pgmy displacement

pgitydy 4y
Wpump 9800ñy 4ydy

Partb Evaluation

Wpump 1 9800A4y y dy 9800A y 494

9800A 143 4 0

9800 1473 43 98001T43 1 98001T43

627200T NM 6568025
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(5) Pumping - Integrating along the y�axis. Consider a full watering trough with an

isosceles trapazoidal face. The trough is 4 meters tall, 4 meters wide at the top, 2 meters

wide at the bottom, and 5 meters long. Set up AND evaluate the integral needed to deter-

mine the work required to pump all the water out over the top edge of the trough. Use the

weight density of water 9, 800N/m3
.

Hint: Imagine the bottom of the face of the trough sitting on the x�axis symmetric about

(and parallel to) the y�axis. Just like in problem (4), draw a sample slice, label points,

identify the needed formula for the boundary and rewrite it as x = ...

KEYING

Weslicethissolid
geometrywisesincewateris
aliquidphysically

perpendiculartothe

liftigas
ftp.fftf

ffffi

f1cn
Wemodelourslicesusingthelinepassingthrough 10and2,4

M 1 42 4 line y y MIXXo y 0 41 1 2 41 1
4g X 1 44 1 fly 4
wesolvefor sincewehavedyasthe

thicknessofourslices

Forge0,4 Volumeoftheslice dV 2x 5dy 104 y 4 dg
Forceneededtoliftslice IF pg.AT 9800110 4 y 4dy
Distancethesliceneedstoliftedby 4 y
workdonebyliftingtheslice dW 98001104 4g 4 y dy

W 9800110 4 4 g 4 9dy 9800041 16 ydy
980004 16g Y3 980004 1614 31473 980004

313,8 him 1045333.335 1045145



HydrostaticForceandPressure

KeyIdeas TheforceF appliedonanobject is F pressure area Thisquantity'sadditiveoverarea

Forhydrostaticforce wemodeltheproblemalongthedepthaxis s orsomeaxisparalleltothedepth
WesliceperpendiculartothedepthaxisandcalculatetheforcedF appliedonthestripdA

n Eatershere Bounds Se sos

s AreaofSlice dA ICsaswithICS lengthofstripI hea
Depthofslice somefunctionDCs

so usuallyDCs 5th orDls 5th
Fela dependingonthechoiceofaxis

HydrostaticPressure P pgDs with P
densityoffluid
g

accelerationduetogravity

Hydytathere df Pdf pgDCs lls ds

Then hydrostaticforceF onregionis F JPdt pgDls ksdT



ExampleProblem

ForyeE3,0
asfollows

ftp.qq.iiiiif.ieHydrostaticpressure P pg4 y with
pg62.5 fe

Areaofslice dA 2xdy 2 197 dy 219ydy.ggfyfg games pine
ftp.tgf e dF PdA pg4yf2V9y2dy
F 1 62.54 g 2197 dy

ExampleProblem

91 82 Y Foryet8 23
Depthoftheslice 2 y y 2 CDy 2

If ftp.t ffestffePrssue P pgtDcyt2 withpg 62.5ft
Areaoftheslice dA 2 dy 2647 dy
Hyfpstff.IE df Pdf pgcDly 225648dy

F fjpgtDly22Ñydy


